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Computer Solution of Solvent-Extraction-Cascade 
Calculations for the Monazite Rare-Earth 
Nitrates-Nitric Acid-Tributyl Phosphate-Water System* 

ROGER F. SEBENIK, BROOKS M. SHARP,+ and 
MORTON SMUTZ 
INSTITUTE FOR ATOMIC RESEARCH AND DEPARTMENT OF 
CHEMICAL ENGINEERING, IOWA STATE UNIVERSITY, AMES, IOWA 

Summary 

The trial-and-error calculations required to determine the composition and 
concentration of all streams in an internally fed countercurrent multicom- 
ponent solvent-extraction cascade were programmed for an IBM 7074 
computer. The method outlined for the monazite rare-earth nitrates-nitric 
acid-TBP-water system was an adaptation of the Thiele and Geddes 
technique, in which systematic adjustments of end-stream concentrations 
were made repetitively for the component most mismatched at the feed 
stage. The equilibrium data were stored in the memory of the computer in 
table form, and equilibrium compositions were calculated by an empirical 
procedure. Although no attempt was made to optimize the matching pro- 
cedure, rapidly converging solutions were observed. 

This paper extends the work of Sharp and Smutz (22) on cas- 
cade calculations for the five-solute system La(N03)3-Pr(N03)3- 
Nd(N03)3-Sm(N03)3-HN03-TBP-H20. The problem can be stated 
as follows: Given (1) the composition, total concentration, and flow 
rate of an aqueous feed of monazite rare-earth nitrates (with no 
cerium present), (2 )  the number of ideal stages in the extract and 
scrub sections, and (3) the flow rates of the organic and aqueous 

' Contribution No. 1670. Work was performed in the Ames Laboratory of the 

f Present address: McDonnell Aircraft Corporation, St. Louis, Missouri. 
U.S. Atomic Energy Commission. 
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376 ROGER F. SEBENIK, BROOKS M. SHARP, A N D  M O R T O N  SMUTZ 

solvents, determine the compositions and concentrations of all 
streams in the cascade at steady state. 

The solution presented is an adaptation of the Thiele and Geddes 
method (15) and involves trial-and-error calculations starting with 
assumed concentrations of all components in one of the exit 
streams. The problem is solved if the concentrations of all com- 
ponents in the aqueous stream leaving the feed stage are identical 
when calculated independently stage by stage from the ends of 
the cascade, and when the over-all material balance is satisfied. 

PREVIOUS WORK 

Smith (13) reviews the techniques of Lewis and Matheson (9), 
Thiele and Geddes (15), and Amundson and Pontinen (1,2) for 
distillation calculations and Horton and Franklin (7) and Edmister 
(4) for absorption calculations. The available calculation methods 
for multicomponent extraction are not as common or complete. 
A graphical approach to quarternary systems has been developed 
b y  Powers (10). With this method the concentrations of a four- 
component system are represented on a three-dimensional tetra- 
hedron diagram and the distribution coefficients are plotted versus 
one-component concentration at constant values of a second. The 
actual operating lines and tie lines existing within the tetrahedron 
are then projected onto two of its ternary diagram faces and the 
graphical constructions are performed on them. The absorption or 
stripping-factor method, originally developed for absorber and 
stripper calculations by Kremser (8) ,  Brown and Souders (3) ,  and 
Horton and Franklin (7),  has been applied to multicomponent 
distillation by Edmister (4 ) ,  and to extraction by Friday (5). In a 
single analytical expression, this method combines the equilibrium 
and material balance equations for one component, and relates 
the concentration of that component in a given stage to its concen- 
tration in the raffinate. Smith and Brinkley (14) proposed a stage- 
by-stage analytical calculation to solve multicomponent extraction 
separations. This procedure can be applied to any number of com- 
ponents if the distribution coefficients are available as a function 
of the phase composition. Neither the Smith and Brinkley tech- 
nique (14) nor the Friday stripping-factor technique (5 )  was used 
for this work because it has not been possible to express the 
rare-earth equilibrium calculations in a convenient analytical 
expression. 

In order to obtain a numerical solution in multicomponent 
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COMPUTER SOLUTION FOR SOLVENT EXTRACTION 377 

distillation and extraction calculations, the multistage trial-and- 
error calculations must converge. Although Friday and Smith (6) 
have pointed out that the lack of multicomponent solvent-extrac- 
tion data has made it difficult to check the rate of convergence of 
proposed methods, the inherent differences that exist between 
distillation and extraction processes make extraction calculations 
more likely to converge rapidly. First, extraction systems normally 
involve a fixed temperature profile, so that enthalpy balances are 
not required and the unsettling influence of changing stage temper- 
ature from trial to trial is eliminated. Also, because solvent extrac- 
tion involves two immiscible-liquid phases, the assumption of 
constant flow rates is more likely to be a safe simplification. 

EQUILIBRIUM CALCULATIONS 

Sharp and Smutz (12) describe the equilibrium calculations in 
detail and show a sample calculation for predicting the composi- 
tion of one phase when the other is specified. The procedure is 
empirical. It involves calculations of the total solute and nitric 
acid distribution coefficients ,from the various contributing two- 
solute systems, calculation of the nitric acid molality and separa- 
tion factors, and then calculation of the composition and concen- 
tration of all components for the unspecified phase. The allowable 
range of data is from 3 to 16 total molality (nitrate basis) in the 
aqueous phase and 2 to 4.5 total molality in the organic phase. The 
results of simulated column runs have shown the method to be 
a good approximation (12). 

STAGEWISE CALCULATIONS 

The concentration and compositions of streams passing each 
other between stages in the cascade were determined by material 
balances. Compositions were expressed in molality units to mini- 
mize the errors caused by assuming constant aqueous and organic 
mass flow rates in each section of the cascade. The resulting errors 
are small because the TBP is equilibrated with water before use 
and the solubility of TBP in water is less than 1 gram per liter. 

Operating lines for the scrub and extract sections of Fig. 1 are 
shown in Eqs. (1) and (2), respectively: 

(1) 
(2) 

~1#(aiht + R n ( M i ) n  = s n  + 1 ( a i ) n  + 1 + Ro(Mi)o 
So(a i )o  + Rrn(Mi)rn = S m  - 1(Mi)rn - 1 + RI(Mi)l 
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378 ROGER F. SEBENIK, BROOKS M. SHARP, AND MORTON SMUT2 

SOLVENT 

W I N A T E  

COMPUTER PROGRAM 

If the composition and concentration of the feed, the flow rates, 
and the number of stages on each side of the feed stage are speci- 
fied, the calculation method as programmed can be used to deter- 
mine the component Concentrations of all streams, including the 
final extract and raffinate, of a countercurrent internally fed solvent- 
extraction cascade. When the concentration of all components in 
one of the streams leaving the cascade is arbitrarily specified, the 
concentration of the other leaving stream is determined, using an 
over-all material balance. Calculating stage by stage from each end 
of the cascade by alternate equilibrium and material-balance 
relationships, one obtains two independent values for the concen- 
tration of each component in the aqueous phase (or the organic 
phase) leaving the feed stage. This is  shown by the dashed lines 
on the cascade of Fig. 1. If the two calculated concentrations for 
each component in this stream do not agree within a desired 
tolerance, it is necessary to adjust the specified end concentrations 
and repeat the calculations. This procedure of adjusting the end- 
stream concentrations, calculating stage by stage from each end, 
and then comparing the concentrations of all components in the 
aqueous phase leaving the feed stage is repeated until the two 
independent calculations are within the tolerance. 

Although it would be possible to make adjustments of end- 
stream concentrations for more than one component at a time, 
this procedure did not seem appropriate, because the values 
obtained for the concentrations of all components in any stream 
are affected to some extent when an adjustment in concentration 
for any component is made. Thus it was thought desirable to make 
adjustments for only one component at a time, and in fact, to adjust 
only the most mismatched component. 
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COMPUTER SOLUTION FOR SOLVENT EXTRACTION 379 

The technique of adjusting the end-stream molality of the one 
component consisted of a series of 0.05, 0.005, 0.0005, 0.0001, and 
0.000001 molality changes until the component was matched to 
within the desired tolerance. It was quite arbitrary that the series 
of changes started with 0.05 and ended with 0.000001, because a 
much larger initial change could have been used and the final 
adjustment could have been as small as the computer would allow. 
This range was found to be quite adequate, however, and this par- 
ticular procedure was used because it proved to be efficient and 
required only a few seconds of computer time per iteration. An 
iteration was considered to be the process of matching one com- 
ponent at the feed stage and usually consisted of a number of incre- 
mental adjustments to an end-stream concentration. A complete 
calculation usually required a number of iterations, as will be dis- 
cussed later. 

As there may be several stages between the stage where the 
adjustments are made and the feed stage, small changes in end- 
stream concentrations may be reflected by relatively large changes 
in concentrations at the feed stage. For example, a 0.000001 change 
in an extract stream molality could cause the mismatch at the feed 
stage to change from 0.10 to -0.10. Under these conditions, an 
incremental change less than 0.000001 would be necessary if the 
tolerance were 0.01. 

In addition to the specified feed composition, the number of 
stages, the location of the feed stage, and the flow-rate ratios, 
the computer program requires input data concerning the initial 
split, the tolerance, the maximum number of iterations permitted, 
and the flow rate of any one stream. The split is defined as the ratio 
of the amount of a component in the extract stream leaving the 
cascade to the amount of that component in the feed stream. The 
initial split, then, is the assumed value of this fraction used in the 
first iteration of the program, and the actual split is the fraction that 
satisfies all equilibrium and material balances of the cascade. The 
tolerance is the maximum absolute value permitted for the differ- 
ence between the two calculated concentrations of the most mis- 
matched component in the matching aqueous stream. The maxi- 
mum number of iterations is a variable which is specified to stop 
the calculations at some predetermined number of iterations in 
case too much computer time is being used. 

To make stagewise calculations in a cascade, the flow rates of 
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380 ROGER F. SEBENIK, BROOKS M. SHARP, A N D  MORTON SMUTZ 

the individual streams are needed to convert the moles of each 
component per unit time to the necessary molality units per unit 
time. However, the flow rates are actually introduced into the pro- 
gram as ratios, and thus the four flow streams become defined by 
these three expressions: 

SIR, RolS Ro+ F = R 1  

Therefore, by specifying the solvent flow rate, S, the flow rate of 
all the streams will be obtained for the calculations if SlR, and Ro/S 
are known. 

SAMPLE PROBLEM 

In this problem the concentrations and compositions of all 
streams in the extractor illustrated in Fig. 1 are to be determined 
assuming the following feed-composition and flow-rate ratios: 

La(NO,),: 0.8890 molehime 
Pr(N03),: 0.2962 mole/time 

Nd(NO,),: 0.6666 mole/time 
Sm(N0J3: 0.1482 molehime 

HNO,: 3.0850 moles/time 

Total: 5.0850 molesltime 
SIR1 = 1.2121 
Ro/S = 0.1470 

The value of the program variables for this problem are: 

1. Initial split assumed: the ratio of the amount of each compo- 
nent in the extract stream to the amount of the component in the 
feed stream 

HNO,: 0.7000 
La(NO,),: 0.0010 
Pr(N03),: 0.0010 

Nd(N03),: 0.0200 
Sm(N03),: 0.0400 

2. Tolerance = 0.0100 m, arbitrarily selected 
3. Maximum number of iterations = 50, arbitrarily specified 
4. Solvent flow rate: S = 1.0 kg/time. 

The computer printout. of the solution is shown in Fig. 2. The 
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COMPUTER SOLUTION FOR SOLVENT EXTRACTION 38 1 

aqueous composition of each component versus the stage number 
for the cascade is shown in Fig. 3. 

The calculations were programmed in the full Fortran language 
for the IBM 7074 computer. The program is composed of a main 
program, which does the preliminary work of inputting and storing 
necessary data, and three subroutines (Match, Extrac, and Scrub). 
Sebenic (11) gives the Fortran statements of the entire program. 

The solution of several trial problems showed that the number 
of iterations required to obtain a match of all components within a 
specified tolerance may not be large, even though the end-stream 
concentrations initially assumed were in error by several orders 
of magnitude. For example, note in Table 1 that 12 iterations were 
required for this sample problem when the molality of La(N03)3 
was assumed to be 0.000088 (run 6) instead of the correct value of 
0.0105, and the other assumed concentrations were also quite low. 

INlERNALLY FLO CASCADE WITH FLED S l U E  MATCH OF ALL COIkCWEWIS 

NVIIOER O f  ITERATIONS- 9 TOLERANCE* 0.0100 

5. 1.0000 11- 0.82S0 10. 0.1410 F- 0.6180 

RO/S* 0.1410 W R 1 -  1.2121 N- S N- 4 

MOLALITY 
TOTAL nN03 L A  PR NO sm RE 

F 1.4998 4.5501 1.3112 0.4369 0.9832 0.2186 L 9 W 8  

5. 2.2811 2.0221 0.0101 0.0326 0.1393 0.0172 0.2S96 

11 3.3919 1.2883 1.0649 0.319S 0.b391 0.0860 2.1096 

MOLES 
TOTAL n ~ o 3  LA PI NO SM RE 

F 1.0810 3.0050 0.8890 0.2962 0.6666 0.1482 2.0000 

I. 2.2811 2.0221 0.0105 0.0326 0.1393 0.0112 0.2Sq6 

R I  2.8033 1.0629 0.0181 0.2636 0.S213 0.0110 1.1404 

F R A C l l W  OF FIX0 
TOTAL n ~ o 3  LA n NO SII RE 

5. 0.w87 0.6SSS 0.0118 0.1100 0.2090 0.S210 0.1291 

I 1  0.S513 0.3441 0.9882 0.8900 0.1910 0.4790 0.8102 

I 

I 
I 
I 
1 
I 
I 
I 
I 
I 
I 

*-I STAGES 

I --- - 1  I---I s 
I ---- I 11 ----- 1 1 (--- -- 

I 1  I I  
I I  I I  ---- 11 2 I-----)I 1 I-----) 
I---I I----I R l  

SOLVENT 

RAF FlMAlE 
EXTRACT 5101 

FIG. 2. Computer printout of the solution of the sample problem (part 1). 
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FIG. 3. Stagewise concentrations of each component in the aqueous stream. 

In run 2,  14 iterations were needed when some of the initially 
assumed values were very low and others were very high. Note 
also that although the initially assumed extract stream molalities 
of nin 4 were closer to the correct values than those for run 5, 21 
iterations were required for run 4 while only 11 were required 
for run 5. 
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TABLE 1 
Effect of Initial Assumptions on the Number of 

Iterations Required for the Sample Problem 

Initially assumed extract-stream molalities 

Correct 
extract- 
stream 

molalities Run 1 Run 2 Run 3 Run 4 Run 5 Run 6 

H NO, 2.0221 2.1595 1.8510 1.8510 2.3137 2.4680 2.4680 
La(N03),  0.0105 O.ooOo88 0.0889 0.0889 0.000889 O.ooOo88 O.ooOo88 
Pr(NO,), 0.0326 0.0888 0.0296 0.000296 0.00296 0.00296 0.00148 
Nd(NO,), 0.1393 0.000666 0.26664 0.1333 0.0133 0.0133 0.00333 
Sm(NO,), 0.0772 0.0741 0.0014 0.0148 0.0741 0.05428 0.00148 

No. of iterations 
required 13 14 14 21 11 12 

For those problems where the calculations went outside the 
available equilibrium data, the computer stopped and printed the 
stagewise concentrations for the last legitimate calculation. In all 
other cases, the calculations rapidly converged to values within 
the prescribed tolerance. The entire calculation normally required 
less than a minute of computer time. 

DISCUSSION OF RESULTS 

Because of the empirical nature of the equilibrium data and the 
fact that the simplifying assumptions of Sharp and Smutz’s (12)  
equilibrium model are not, in general, applicable to other extrac- 
tion systems, the method of multicomponent solvent extraction 
described herein applies only to the rare-earth system presented. 
The computer program and technique may be useful to those 
wishing to determine the number of ideal stages required to make 
a desired separation of these solutes. 

The calculation method and computer program used in this 
research has demonstrated convergence each time the program has 
been run, except for those cases in which regions of incomplete 
equilibrium data were encountered. 

An indication of the rate of convergence for the solution of the 
sample problem is given by Fig. 4. This is a plot of the sum of the 
absolute values of the amount of mismatch of all components 
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1 2 3 4 5 6 7 8 1  
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ITERATION NUMBER 

FIG. 4. Rate of convergence for the iterative solution of the sample problem. 

versus the iteration number. Note that the rate of convergence is 
not uniform. Similar plots for other problems have shown that the 
trend of the curves is downward, but the “sum of the absolute 
values of mismatch” does not always decrease from iteration to 
iteration. This suggests the possibility that there may be cases in 
which convergence to a specified tolerance is not attainable. 

Nomenclature 

F 
m 

flow rate of solvent in a feed stream, kg H,O/unit time 
arbitrary stage in the extract section 
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M 
M 
n 
R 
S 

molality, moles of a solute per kilogram ofwater, nitrate basis 
molality, moles of a solute per kilogram of TBP, nitrate basis 
arbitrary stage in the scrub section 
flow rate of solvent in an aqueous stream, kg H,O/unit time 
flow rate of solvent in an organic stream, kg TBP/unit time 
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